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Abstract
Traditional finite element models are usually established based on specific structures to address
the transient nonlinear heat transfer analysis; however, if the structure parameters change one has
to reanalyze/rebuild the finite element models, resulting in a lot of additional computational cost.
To address this problem, this work develops a generic grid refinement approach to improve the
computational efficiency of nonlinear heat transfer analysis. The advantage of the proposed
method lies that the grids can be used to establish connections between original and modified
structures through transfer operators, which is calculated only once for the original structures and
can be reused in following grid iterations. Then, the transient nonlinear heat transfer equations of
modified structures can be efficiently solved based on the grid iterations in each time step. As a
result, the computational cost can be magnificently reduced. Several numerical examples are
investigated to comprehensively evaluate the performance of the present algorithm when dealing
with the transient nonlinear heat transfer analysis of structures with modifications.
Keywords: Nonlinear Heat transfer; Transient; Multi-grid; Reanalysis

1. Introduction
The transient heat transfer analysis plays an important role in practical engineering
[1-8], which aims to obtain the thermal responses of structures. Usually, the thermal
conductivity varies with the temperature, and hence, the nonlinear thermal analysis
has to be considered [9]. As it is very hard to obtain the related analytical solutions,
numerical methods have been well developed and become an efficient tool for such
analysis. Various kinds of numerical methods are proposed by previous researches,
such as finite element method (FEM) [10-11], the finite-difference method (FDM)
[12-14], smoothed finite element method (SFEM) [15], boundary element method
(BEM) [16-22], point interpolation method (PIM) [23-25], element differential
method (EDM) [26], meshless method [27-30], and so on. Among all these methods,
the FEM has been proved to be a dominating computational technique in practical
engineering.
The transient nonlinear heat transfer analysis needs to be carried out step by step in
the time domain [31]. For the existing methods dealing with such analysis, the time
difference method becomes one of the most widely used methods, including the
forward, backward and central difference techniques. A set of nonlinear differential
equations has to be continually solved through iterations in each time step, until the
error of solution is lower than the specific tolerance. Based on this, it is clear that the
related analysis will bring about extensive computational effort. This problem will
become even more prominent when dealing with the structural optimization design,
based on transient nonlinear thermal responses of structures [32]. As the topological

modifications exist in the optimal design process, the finite element model will be
continually modified to find the best design scheme [33]. Therefore, the transient
nonlinear heat transfer analysis needs to be implemented again and again for the
modified finite element model. If we carry out the complete analysis for the modified
structures, the related computational cost will be unacceptable. How to improve the
efficiency in these cases has become an important issue in practical engineering.
In the past several decades, the reanalysis methods have been proposed and well
developed to calculate the structural responses of modified structures, without solving
complete set of modified system equations [34-43]. For example, Wang et al.
employed the combined approximations (CA) method to improve the efficiency of
thermal analysis associated with variations of thermal conductivities [44-45]. The
efficiency of CA method is very high. However, it is an essentially
approximate algorithm, which can only provide approximate solutions. For structural
static analysis, Huang et al. developed a multi-grid (MG) assisted reanalysis method
for re-meshed finite element models, which can obtain accurate results with high
efficiency [46]. This method has been successfully extended to crack grows analysis
[47] and shows great advantages in different kinds of engineering problems.
The main objective of this study is to develop a multi-grid based approach for
efficient transient nonlinear heat conduction analysis of structures with local
modifications. For original structures, the transfer operators are generated and MG
based iterations are implemented to evaluate the transient nonlinear thermal responses.
These transfer operators are directly reused for the transient nonlinear thermal
analysis of modified structures, instead of complete analysis. Both two-dimensional

(2D) and three-dimensional (3D) numerical examples are studied to fully test the
validity of present algorithm through comparing results with those obtained by
complete analysis.

2. Thermal governing equations and boundary conditions
It is assumed that the material obeys Fourier’s Law of heat conduction and the
differential equation governing transient heat transfer is expressed as [48]
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where T denotes the temperature,  is the density, c represents the specific heat, k(T)
denotes the thermal conductivities in different directions, qv is the rate of internal heat
generation.
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temperature-dependent, Eq. (1) will become nonlinear equation and it will be solved
iteratively in each time step.
The boundary conditions for heat transfer analysis are directly given as follow:
T
| Γ = q0
n0

(2)

T
| Γ = hc (T − T )
n0

(3)

Neumann boundary : − k (T )
Robin boundary : − k (T )

where Tk represents the known temperature, T is the ambient temperature, q0
denotes the prescribed heat flux, hc is the convection coefficient, Γ denotes the
boundary and n0 represents the unit outward normal.
The FEM is employed to deal with the governing equation and related boundary
conditions. Then, the discrete system equations can be obtained as [24]
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where B is the temperature gradient interpolation matrix, K(T ) represents the heat
conduction matrix, which is temperature-dependent, when material nonlinearity is
considered. N denotes the thermal capacitance matrix, H is the matrix of shape
function, {R c } and {R q } are the thermal load vectors associated with different
boundary conditions.
As the backward difference technique can avoid numerical oscillation, it is mainly
used to deal with Eq. (4) for the approximation in time domain. Then, {

T(t )
} can
t

be approximated as
{

T(t )
{T(t )}- {T(t − t )}
}=
+ Ο(Δt)
t
t

(9)

Based on Eq. (9), Eq. (4) can be rewritten as
(K (T ) +

NT
N
){T(t )} = {R c } + {R q } + ( T ){T(t − t )}
t
t

(10)

It is seen that if the initial temperature field is given, the temperature field of arbitrary
time can be calculated through solving Eq. (10). For the transient heat transfer
analysis, Eq. (10) is continuously solved in the time domain, which will bring about

tremendous computational cost. The computational effort will be much higher, if the
material nonlinearity is taken into account. It is because that Eq. (10) needs to be
handled by iteration methods and some iterations have be to implemented until the
convergence is reached in each time step. For structural optimization analysis
associated with transient nonlinear thermal responses, this problem will be even more
serious, due to the fact that the modified finite element models need to be analyzed
repeatedly until the best design scheme is found. Therefore, a multi-grid based
approach will be developed in the following section to deal with the transient
nonlinear heat transfer analysis of structures with local modifications, aiming to fully
improve the computational efficiency.

3. Multi-grid based approach for transient nonlinear thermal analysis
3.1 Transient nonlinear thermal equations
In typical transient nonlinear heat transfer analysis, the following system equation is
iteratively solved in each time step
K nT = R n

(11)

Where
K n = K (T ) +

NT
t

R n = {R c } + {R q } + (

(12)
NT
)T0
t

(13)

It is clearly seen that Kn is temperature-dependent, when material nonlinearity is
considered. For the ith iteration in each time step, the residual equation is given as
K inTi = R i

Where

(14)

R i = R n − R i

(15)

Where, Ri denotes the thermal load vector in the ith iteration, R i represents the
residual thermal load vector for the ith iteration.
Once T i is obtained, the temperature vector T will be updated iteratively by the
following recurrence relation
Ti +1 = Ti + Ti

(16)

In this study, Eq. (14) will be solved by multi-grid method instead of complete
analysis in the following section, until the residual error is less than specific tolerance
in each time step.

3.2 Multi-grid formulations
In the Multi-grid analysis, the problem domain is firstly divided into several levels of
meshes Mj (j=1,2,…,n), as illustrated in Fig. 1. The detailed algorithm for the mesh
generation process can be found in [48]. For the jth level of mesh Mj, the equilibrium
equation can be written as

(K in ) j (Ti ) j = (Ri ) j

(17)

The connections between different levels of meshes are constructed through transfer
operators. It is assumed that (Ti ) j can be interpolated by (Ti ) j +1 , which is
associated with the next level of mesh. The interpolation relationship is expressed as
[49]

(Ti ) j = Pjj+1 (Ti ) j +1

(18)

Where, Pjj+1 is the continuation operator that is used to connect the unknown vectors
of different meshes. The residual vector dj on Mj is defined as

d j = (Ri ) j − (K in ) j (Ti ) j

(19)

dj will be further transferred to the next level of mesh Mj+1

d j +1 = Q jj +1d j

(20)

Where, Q jj +1 is the restriction operator. The relationship of continuation and
restriction operator is usually expressed as
T

Q jj +1 = Pjj+1

(21)

It is noted that the transfer operators of different scale of meshes need to be
constructed before Multi-grid iterations and the V-cycle Multi-grid iteration technique
is employed in this work, which has been successfully used for different kinds of
engineering problems and is very easy to implement.
For the refined mesh Mj, an initial solution (Ti )0j is firstly given and then an
improved solution (Ti ) j will be obtained after some iteration. The residual vector
is calculated based on Eq. (19), which is further transferred to the coarse mesh Mj+1.
The residual equation on Mj+1 will be solved and the correctional solution vi+1 will be
transferred back to Mj through the continuation operator

v j = Pjj+1v j +1

(22)

The solution of unknown vector is updated by

(Ti ) j = (Ti ) j + v j

(23)

From Eq. (17) to Eq. (23), this is a typical Multi-grid iteration cycle from the refined
mesh Mj to the coarse mesh Mj+1. The overall iteration procedure begins on the finest
mesh, circulates to the coarsest mesh and returns back to the finest mesh. The above
mentioned V-cycle Multi-grid procedure is carried out for nonlinear iteration in each

time step, and terminates until an accurate enough solution is obtained.

3.3 Multi-grid scheme for structural modifications
There are mainly two cases discussed in this work. For structural modifications, the
degrees of freedom can be decreased or increased, compared to the original structure.
The Multi-grid iteration procedure can still be easily implemented for modified
structures, based on the Multi-grid transfer operators of original structure. We use M0,
M a0 , M 0b to refer to the original mesh, the mesh for decrease of degree of freedom

and the mesh for increase of degree of freedom, respectively.
3.3.1 Decrease of degree of freedom
For the mesh M0, the residual equation is given as
(K in )0 (Ti )0 = (R i )0

(24)

In this case, (Ti ) 0 can be completely interpolated by (T i ) a0 , which is associated
with mesh M a0 .
(Ti ) 0 = Pa0 (Ti ) a0

(25)

It should be noted that Pa0 is mainly utilized to construct the mapping relationship
between the meshes of modified structure and initial structure and then, the nodal
values of modified structure can be interpolated by the nodal values of initial structure.
Using Eq. (25) and pre-multiplying ( Pa0 ) T on both sides of Eq. (24), the following
equation can be obtain as
(( Pa0 )T (K in )0 Pa0 )(Ti )a0 = (Pa0 )T (R i )0

(26)

It is seen that Eq. (26) and Eq. (24) are on the same mesh. For (T i ) a0 associated with

mesh M a0 , it can be easily solved using the data associated with mesh M0.
3.3.2 Increase of degree of freedom
In this case, (Ti ) 0 can be completely interpolated by (Ti ) 0b , which is associated
with mesh M 0b . In order to overcome this difficulty, we can expand (Ti ) 0 as

(T )

i (b)
0

(Ti )0 
= i 
(T )d 

(27)

Now, (Ti ) 0b can be completely interpolated by (Ti ) (0b ) . For mesh M 0b , the
residual equation is expressed as
(K in ) b (Ti ) b = (R i ) b

(28)

Based on Eq. (27), Eq. (28) can be rewritten as

(K in )00
 i
(K n )d 0

(K in )0d  (Ti )0  (Ri )0 

=

(K in )dd  (Ti )d  (Ri )d 

(29)

Eq. (29) can be further expressed as
(K in )00 (Ti )0 + (K in )0d (Ti )d = (R i )0

(30)

(K in )d 0 (Ti )0 + (K in )dd (Ti )d = (R i )d

(31)

Solving Eq. (30) and (31) obtains:
((K in )00 − (K in )0d ((K in )dd ) −1 (K in )d 0 )(Ti )0 = (R i )0 − (K in )0d ((K in )dd ) −1 (R i )d

(32)

It is clearly seen that (T i ) 0 belongs to mesh M0 and hence, Eq. (32) is associated
with mesh M0, which can be solved using the Multi-grid data of original structure.
Once (Ti ) 0 is calculated, (T i ) d can be obtained through solving Eq. (31)
(Ti )d = ((K in )dd ) −1 ((R i )d − (K in )d 0 (Ti )0 )

(33)

Finally, the unknown vector of mesh M 0b can be obtained. Now, it is clearly seen
that for each modified structure, there is no need to construct the Multi-grid transfer

operators and those operators associated with the initial structure can be directly
reused for the analysis of modified structures.

4. Results and discussion
Both the two cases discussed in Section 3.3 are investigated to fully test the efficiency
of present algorithm. For comparison purpose, the complete analysis is implemented
by the Multi-Grid preconditioned conjugate gradient method [46], based on the FEM
in-house codes. In order to study the accuracy of present algorithm, the thermal
equivalent energy is defined as follow

0 
k (T ) 0

ET =  g  0
k (T ) 0  gdV , g = BTe
V
 0
0
k (T )
T

(34)

Where g denotes the temperature gradient, Te represents the nodal temperature of
element. For different structural modifications, the comparison of computational
efficiency between present algorithm and complete analysis is carried out on the same
computer of Inter® Pentium (R) D CPU 3.00 GHz.

4.1 2D case
In this section, a 2D plate with mixed thermal boundary conditions is first studied to
verify the present algorithm, as illustrated in Fig. 2. The related parameters involved
in the computation are given as: k=(10+0.02T)W/m·℃, c=60J/kg·℃ and =200kg/m3.
For the Neumann boundary q0=-1000W/m2 and for the Robin boundary
hc=300W/m2·℃, T =200℃. Two kinds of structural modifications are considered for
the transient heat transfer analysis and the corresponding finite element models are
given in Fig. 3. The cases of small holes (case 1) and large holes (case 2) are both

investigated in this example.
At first, for case 1, the comparisons of temperature evaluation process at reference
points for different structural modifications are given in Fig. 4 and Fig. 5, respectively.
It is seen that the results obtained by MG reanalysis show good agreement with those
obtained by complete analysis. Then, for both cases, the temperature fields calculated
by different algorithm are compared when the system has already reached its steady
state, as shown in Fig. 6. It is observed that the present algorithm can obtain very
accurate distributions of temperature fields for different structural modifications. The
relative errors of thermal equivalent energy for case 2 are also given in Table 1 and it
is clearly seen that the present algorithm can achieve high level of accuracy.
Furthermore, the computational efficiency of both cases is also compared for this
problem, as illustrated in Fig. 7. It is clearly shown that computational effort is much
smaller than that needed to implement the complete analysis.

4.2 3D case
The transient heat transfer analysis of a 3D engine base with mixed thermal boundary
conditions is carried out in this section, as shown in Fig. 8. Some computational
parameters are taken as: k=(30+0.02T)W/m·℃, c=30J/kg·℃ and =200kg/m3. For the
Neumann boundary q0=-300W/m2 and for the Robin boundary hc=600W/m2·℃,

T =300℃. For the engine base, there are also two kinds of structural modifications
considered during the analysis and the related finite element models are given in Fig.
9.
For different reference points, Fig. 10 and Fig. 11 give the comparisons

of temperature variation process for different structural modifications. Fig. 12 shows
the comparisons of temperature fields obtained by different approaches for the two
cases. The relative errors of thermal equivalent energy are also calculated and present
in Table 2, when the system has already reached its steady state. Based on these
results, it is verified again that the present MG reanalysis algorithm can obtain
high-precision transient nonlinear thermal responses for different structural
modifications. The efficiency of present algorithm is also investigated in this section
and the related results are given in Fig. 13. It is clearly seen again that the present
Multi-grid approach can achieve higher level of efficiency and huge amount of
computational cost can be saved.

5. Conclusion
In this work, a Multi-Grid based approach is developed to deal with the transient
nonlinear heat transfer analysis involving structural modifications. The complete
analysis can be avoided, when the topological character of structure changes. Both 2D
and 3D numerical examples with different kinds of structural modifications are
studied and several remarks can be obtained as follows:
1. Based on the Multi-grid data of original structure, the present algorithm can
easily implement the transient nonlinear heat transfer analysis when structural
modifications occur.
2. The present algorithm can obtain very accurate transient nonlinear thermal
responses of modified structures.
3. Much less computational effort is needed for the present algorithm and the

computational efficiency can be effectively improved.
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